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two-dimensional finite elements library

• two-dimensional 4-noded quadrilateral element (D2QU4N)

a.k.a. bilinear quadrilateral element

• two-dimensional 9-noded quadrilateral element (D2QU9N)

a.k.a. Lagrange biquadratic quadrilateral element

• two-dimensional 8-noded quadrilateral element (D2QU8N)

a.k.a. serendipity biquadratic quadrilateral element

• two-dimensional 3-noded triangular element (D2TR3N)

a.k.a. constant strain triangle

• two-dimensional 6-noded triangular element (D2TR6N)

a.k.a. quadratic triangle

• two-dimensional quadrature rule
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D2QU4N bilinear quadrilateral element

Nodes
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4 3
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1

24
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(1� ⌘) N1
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(1� ⇠)

N2
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(1� ⌘) N2

,⌘ = �
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(1 + ⇠)
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,⇠ = +
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(1 + ⌘) N3

,⌘ = +
1
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(1 + ⇠)
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1
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D2QU9N Lagrange biquadratic quadrilateral element

Nodes

1 2

4 3

Edges

1

24
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D2QU8N serendipity biquadratic quadrilateral element

Nodes

1 2

4 3

Edges

1

24

3

5
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D2TR3N constant strain triangle (CST)

3 1

2

Nodes

3

12

Edges Node Number
Coordinates
⇠ ⌘

1 1 0
2 0 1
3 0 0

N1 = ⇠

N2 = ⌘

N3 = (1� ⇠ � ⌘)

N1
,⇠ = 1 N1

,⌘ = 0

N2
,⇠ = 0 N2

,⌘ = 1

N3
,⇠ = �1 N3

,⌘(⇠, ⌘) = �1
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D2TR6N quadratic triangle

3 1

2

Nodes

3

12

Edges

6

5
4

Node Number
Coordinates
⇠ ⌘

1 1 0
2 0 1
3 0 0
4 1/2 1/2
5 0 1/2
6 1/2 0

N1 = ⇠(2⇠ � 1)

N2 = ⌘(2⌘ � 1)

N3 = (1� ⇠ � ⌘)(1� 2⇠ � 2⌘)

N4 = 4⇠⌘

N5 = 4⌘(1� ⇠ � ⌘)

N6 = 4⇠(1� ⇠ � ⌘)

N1
,⇠ = �1 + 4⇠ N1

,⌘ = 0

N2
,⇠ = 0 N2

,⌘ = �1 + 4⌘

N3
,⇠ = �3 + 4⇠ + 4⌘ N3

,⌘ = �3 + 4⇠ + 4⌘

N4
,⇠ = 4⌘ N4

,⌘ = 4⇠

N5
,⇠ = �4⌘ N5

,⌘ = �4(�1 + 2⌘ + ⇠)

N6
,⇠ = �4(�1 + ⌘ + 2⇠) N6

,⌘ = �4⇠
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2D Finite Element Library
two-dimensional quadrature rule i

Triangular Elements Gauss Point Rule

Z 1

0

Z 1�⌘

0
{•} d⇠ d⌘ ⇡

1

2

NGauss PointsX

i=1

↵i {•}|Gauss Pointi

Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵

1 1/3 1/3 1

Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵

1 1/6 1/6 1/3
2 4/6 1/6 1/3
3 1/6 4/6 1/3
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two-dimensional quadrature rule iii

Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵

1 �

p
3/5 �

p
3/5 5/9⇥ 5/9

2 +
p

3/5 �

p
3/5 5/9⇥ 5/9

3
p

3/5
p

3/5 5/9⇥ 5/9

4 �

p
3/5

p
3/5 5/9⇥ 5/9

5 0 �

p
3/5 5/9⇥ 8/9

6 +
p

3/5 0 5/9⇥ 8/9

7 0
p

3/5 5/9⇥ 8/9

8 �

p
3/5 0 5/9⇥ 8/9

9 0 0 8/9⇥ 8/9
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2D Finite Element Library
two-dimensional quadrature rule ii

Quadrilateral Elements Gauss Point Rule

Z 1

�1

Z 1

�1
{•} d⇠ d⌘ ⇡

NGauss PointsX

i=1

↵i {•}|Gauss Pointi

Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵

1 0 0 2⇥ 2

Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵

1 �1/
p
3 �1/

p
3 1⇥ 1

2 +1/
p
3 �1/

p
3 1⇥ 1

3 +1/
p
3 +1/

p
3 1⇥ 1

4 �1/
p
3 +1/

p
3 1⇥ 1
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two-dimensional quadrature rule iii

Gauss Point Number
Coordinates Weight Factor
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p
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3
p

3/5
p
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4 �

p
3/5
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5 0 �
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3/5 5/9⇥ 8/9

6 +
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3/5 0 5/9⇥ 8/9

7 0
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8 �
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3/5 0 5/9⇥ 8/9

9 0 0 8/9⇥ 8/9
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two-dimensional quadrature rule iii

Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵
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two-dimensional quadrature rule iii

Gauss Point Number
Coordinates Weight Factor
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two-dimensional finite elements library

• two-dimensional 4-noded quadrilateral element (D2QU4N)

a.k.a. bilinear quadrilateral element

• two-dimensional 9-noded quadrilateral element (D2QU9N)

a.k.a. Lagrange biquadratic quadrilateral element

• two-dimensional 8-noded quadrilateral element (D2QU8N)

a.k.a. serendipity biquadratic quadrilateral element

• two-dimensional 3-noded triangular element (D2TR3N)

a.k.a. constant strain triangle

• two-dimensional 6-noded triangular element (D2TR6N)

a.k.a. quadratic triangle

• two-dimensional quadrature rule
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D2TR3N constant strain triangle (CST)
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D2TR6N quadratic triangle
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two-dimensional quadrature rule i

Triangular Elements Gauss Point Rule
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0

Z 1�⌘

0
{•} d⇠ d⌘ ⇡

1
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NGauss PointsX

i=1

↵i {•}|Gauss Pointi

Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵

1 1/3 1/3 1

Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵

1 1/6 1/6 1/3
2 4/6 1/6 1/3
3 1/6 4/6 1/3
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Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵

1 �

p
3/5 �

p
3/5 5/9⇥ 5/9

2 +
p

3/5 �

p
3/5 5/9⇥ 5/9

3
p

3/5
p

3/5 5/9⇥ 5/9
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two-dimensional quadrature rule ii

Quadrilateral Elements Gauss Point Rule
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Example (D2TR3N) … constant strain triangle

D2TR3N constant strain triangle (CST)
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Edges Node Number
Coordinates
⇠ ⌘

1 1 0
2 0 1
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N1 = ⇠
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,⇠ = 0 N2
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,⌘(⇠, ⌘) = �1
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in this particular case, the coordinates of  the 
Gauss points do not enter the calculations, since 
the derivatives of  the shape functions are 
constant over the element … however, this is 
usually not the case and particularly holds for 
constant strain triangle (CST) … also, in this case 
we have only one Gauss point that makes the 
calculations more straightforward … otherwise 
the summation over the Gauss points must be 
carefully taken into account …
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plane strain

Example (D2TR3N) … constant strain triangle … stiffness
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<latexit sha1_base64="koTmHujsY85X1ziyDmugy3Uotgk=">AAAjWniczVrrj9y2Ed/4+kg2fcRpvxUo5BycOsD6sivZjl0gQGKfX/CjbnJ+AKfzQQ9qlzmKVCnu3W1V/Wv9Pwr0Yz8VaP+GDvW4lYbU+ozaQGTDS3F+85sZckgOdx1mjOZqOv3HBxe2fvLTn/38w4/GH//il7/69ScXP32Ri6WMyPNIMCFfhUFOGOXkuaKKkVeZJEEaMvIyPLqj5S+Picyp4HtqlZGDNJhzmtAoUNB1eHHr5divWIrgh2gV8LIY+2HxqHS+dnwWFg6 </latexit>

! ATTENTION ! 

element stiffness matrix is 
symmetric and 

its determinant is zero
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Triangular 
Elements
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plane strain

Example (D2TR3N) … linear triangular element
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x1 = [ 1 , 0 ]

x2 = [ 0 , 1 ]

x3 = [ 0 , 0 ]
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plane strain

Example (D2TR3N) … linear triangular element

E = 10 , ⌫ = 0

<latexit sha1_base64="ODPxMb2vlzke6hvyWyzVhgAPm/0="></latexit>

x1 = [ 1 , 0 ]

x2 = [ 0 , 1 ]

x3 = [ 0 , 0 ]
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… using one Gauss point …
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3
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plane strain

Example (D2TR3N) … linear triangular element

x1 = [ 1 , 0 ]

x2 = [ 0 , 1 ]

x3 = [ 0 , 0 ]

<latexit sha1_base64="mh/4fvD3UyJq5k4xc36Ngp1vVm0="></latexit>

E = 10 , ⌫ = 0.25

<latexit sha1_base64="GzG4RJ3pB1jE+TMQMSfk30KcEzo="></latexit>

… using one Gauss point …
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�1.333 �2.000 �2.000 �5.333 3.333 7.333
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E = 10 , ⌫ = 0.5
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plane strain

Example (D2TR3N) … linear triangular element

x1 = [ 1 , 0 ]

x2 = [ 0 , 1 ]

x3 = [ 0 , 0 ]

<latexit sha1_base64="mh/4fvD3UyJq5k4xc36Ngp1vVm0="></latexit>

… using one Gauss point …
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E = 10 , ⌫ = 0.75
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plane strain

Example (D2TR3N) … linear triangular element

x1 = [ 1 , 0 ]

x2 = [ 0 , 1 ]

x3 = [ 0 , 0 ]

<latexit sha1_base64="mh/4fvD3UyJq5k4xc36Ngp1vVm0="></latexit>

… using one Gauss point …
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plane strain

Example (D2QU4N) … bilinear quadrilateral element
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! ATTENTION ! 

element stiffness matrix is 
symmetric and 

its determinant is zero
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plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0

<latexit sha1_base64="ODPxMb2vlzke6hvyWyzVhgAPm/0="></latexit>

… using one Gauss point …

<latexit sha1_base64="lu+RhhQuuNQgl2dWRM4GIOQsW2o="></latexit>

K =

2

6666666666666664

3.750 1.250 �1.250 �1.250 �3.750 �1.250 1.250 1.250

1.250 3.750 1.250 1.250 �1.250 �3.750 �1.250 �1.250

�1.250 1.250 3.750 �1.250 1.250 �1.250 �3.750 1.250

�1.250 1.250 �1.250 3.750 1.250 �1.250 1.250 �3.750

�3.750 �1.250 1.250 1.250 3.750 1.250 �1.250 �1.250

�1.250 �3.750 �1.250 �1.250 1.250 3.750 1.250 1.250

1.250 �1.250 �3.750 1.250 �1.250 1.250 3.750 �1.250

1.250 �1.250 1.250 �3.750 �1.250 1.250 �1.250 3.750

3

7777777777777775
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⇥
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2

<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0

<latexit sha1_base64="ODPxMb2vlzke6hvyWyzVhgAPm/0="></latexit>

… using four Gauss points …

<latexit sha1_base64="z60Nkml23K8SKb/8shXSqwPPpgI="></latexit>

K =

2

6666666666666664

5.000 1.250 �2.500 �1.250 �2.500 �1.250 0.000 1.250

1.250 5.000 1.250 �0.000 �1.250 �2.500 �1.250 �2.500

�2.500 1.250 5.000 �1.250 0.000 �1.250 �2.500 1.250

�1.250 �0.000 �1.250 5.000 1.250 �2.500 1.250 �2.500

�2.500 �1.250 0.000 1.250 5.000 1.250 �2.500 �1.250

�1.250 �2.500 �1.250 �2.500 1.250 5.000 1.250 �0.000

0.000 �1.250 �2.500 1.250 �2.500 1.250 5.000 �1.250

1.250 �2.500 1.250 �2.500 �1.250 �0.000 �1.250 5.000

3

7777777777777775



Quadrilateral 
Elements K i j
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⇥
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2

<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0

<latexit sha1_base64="ODPxMb2vlzke6hvyWyzVhgAPm/0="></latexit>

… using nine Gauss points …

<latexit sha1_base64="jTWr6vHDvk3clPsMM8/7rS/sTDM="></latexit>

K =

2

6666666666666664

5.000 1.250 �2.500 �1.250 �2.500 �1.250 �0.000 1.250

1.250 5.000 1.250 �0.000 �1.250 �2.500 �1.250 �2.500

�2.500 1.250 5.000 �1.250 �0.000 �1.250 �2.500 1.250

�1.250 �0.000 �1.250 5.000 1.250 �2.500 1.250 �2.500

�2.500 �1.250 �0.000 1.250 5.000 1.250 �2.500 �1.250

�1.250 �2.500 �1.250 �2.500 1.250 5.000 1.250 �0.000

�0.000 �1.250 �2.500 1.250 �2.500 1.250 5.000 �1.250

1.250 �2.500 1.250 �2.500 �1.250 �0.000 �1.250 5.000

3

7777777777777775



Quadrilateral 
Elements K i j
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0.25

<latexit sha1_base64="GzG4RJ3pB1jE+TMQMSfk30KcEzo="></latexit>

… using one Gauss point …

<latexit sha1_base64="ioO0DVa9xo8sXYxiYhDm7RBgtNg="></latexit>

K =

2

6666666666666664

3.667 1.667 �1.667 �0.333 �3.667 �1.667 1.667 0.333

1.667 3.667 0.333 1.667 �1.667 �3.667 �0.333 �1.667

�1.667 0.333 3.667 �1.667 1.667 �0.333 �3.667 1.667

�0.333 1.667 �1.667 3.667 0.333 �1.667 1.667 �3.667

�3.667 �1.667 1.667 0.333 3.667 1.667 �1.667 �0.333

�1.667 �3.667 �0.333 �1.667 1.667 3.667 0.333 1.667

1.667 �0.333 �3.667 1.667 �1.667 0.333 3.667 �1.667

0.333 �1.667 1.667 �3.667 �0.333 1.667 �1.667 3.667

3

7777777777777775
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0.25

<latexit sha1_base64="GzG4RJ3pB1jE+TMQMSfk30KcEzo="></latexit>

… using four Gauss points …

<latexit sha1_base64="CmsgLExf+8mlBU49W92mP/mbIDY="></latexit>

K =

2

6666666666666664

4.889 1.667 �2.889 �0.333 �2.444 �1.667 0.444 0.333

1.667 4.889 0.333 0.444 �1.667 �2.444 �0.333 �2.889

�2.889 0.333 4.889 �1.667 0.444 �0.333 �2.444 1.667

�0.333 0.444 �1.667 4.889 0.333 �2.889 1.667 �2.444

�2.444 �1.667 0.444 0.333 4.889 1.667 �2.889 �0.333

�1.667 �2.444 �0.333 �2.889 1.667 4.889 0.333 0.444

0.444 �0.333 �2.444 1.667 �2.889 0.333 4.889 �1.667

0.333 �2.889 1.667 �2.444 �0.333 0.444 �1.667 4.889

3

7777777777777775
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0.25

<latexit sha1_base64="GzG4RJ3pB1jE+TMQMSfk30KcEzo="></latexit>

… using nine Gauss points …

<latexit sha1_base64="X1OlEKjx7+w1aejQZLkRP1PODG8="></latexit>

K =

2

6666666666666664

4.889 1.667 �2.889 �0.333 �2.444 �1.667 0.444 0.333

1.667 4.889 0.333 0.444 �1.667 �2.444 �0.333 �2.889

�2.889 0.333 4.889 �1.667 0.444 �0.333 �2.444 1.667

�0.333 0.444 �1.667 4.889 0.333 �2.889 1.667 �2.444

�2.444 �1.667 0.444 0.333 4.889 1.667 �2.889 �0.333

�1.667 �2.444 �0.333 �2.889 1.667 4.889 0.333 0.444

0.444 �0.333 �2.444 1.667 �2.889 0.333 4.889 �1.667

0.333 �2.889 1.667 �2.444 �0.333 0.444 �1.667 4.889

3

7777777777777775
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0.5

<latexit sha1_base64="xU7REifaA2Kh0ZKC2FT32/sceLQ="></latexit>

… using one Gauss point …

<latexit sha1_base64="f9k+0BfR1Up5khIrs4GRzsOcRq4="></latexit>

K =

2

6666666666666664

4.167 2.500 �2.500 0.833 �4.167 �2.500 2.500 �0.833

2.500 4.167 �0.833 2.500 �2.500 �4.167 0.833 �2.500

�2.500 �0.833 4.167 �2.500 2.500 0.833 �4.167 2.500

0.833 2.500 �2.500 4.167 �0.833 �2.500 2.500 �4.167

�4.167 �2.500 2.500 �0.833 4.167 2.500 �2.500 0.833

�2.500 �4.167 0.833 �2.500 2.500 4.167 �0.833 2.500

2.500 0.833 �4.167 2.500 �2.500 �0.833 4.167 �2.500

�0.833 �2.500 2.500 �4.167 0.833 2.500 �2.500 4.167

3

7777777777777775
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0.5

<latexit sha1_base64="xU7REifaA2Kh0ZKC2FT32/sceLQ="></latexit>

… using four Gauss points …

<latexit sha1_base64="l6HJaVBK/sKlYDIeuwBADafd3qI="></latexit>

K =

2

6666666666666664

5.556 2.500 �3.889 0.833 �2.778 �2.500 1.111 �0.833

2.500 5.556 �0.833 1.111 �2.500 �2.778 0.833 �3.889

�3.889 �0.833 5.556 �2.500 1.111 0.833 �2.778 2.500

0.833 1.111 �2.500 5.556 �0.833 �3.889 2.500 �2.778

�2.778 �2.500 1.111 �0.833 5.556 2.500 �3.889 0.833

�2.500 �2.778 0.833 �3.889 2.500 5.556 �0.833 1.111

1.111 0.833 �2.778 2.500 �3.889 �0.833 5.556 �2.500

�0.833 �3.889 2.500 �2.778 0.833 1.111 �2.500 5.556

3

7777777777777775
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0.5

<latexit sha1_base64="xU7REifaA2Kh0ZKC2FT32/sceLQ="></latexit>

… using nine Gauss points …

<latexit sha1_base64="l6HJaVBK/sKlYDIeuwBADafd3qI="></latexit>

K =

2

6666666666666664

5.556 2.500 �3.889 0.833 �2.778 �2.500 1.111 �0.833

2.500 5.556 �0.833 1.111 �2.500 �2.778 0.833 �3.889

�3.889 �0.833 5.556 �2.500 1.111 0.833 �2.778 2.500

0.833 1.111 �2.500 5.556 �0.833 �3.889 2.500 �2.778

�2.778 �2.500 1.111 �0.833 5.556 2.500 �3.889 0.833

�2.500 �2.778 0.833 �3.889 2.500 5.556 �0.833 1.111

1.111 0.833 �2.778 2.500 �3.889 �0.833 5.556 �2.500

�0.833 �3.889 2.500 �2.778 0.833 1.111 �2.500 5.556

3

7777777777777775



Quadrilateral 
Elements K i j

a c =
GPEX

gp = 1

⇥
J�T ·N i

,⇠

⇤
b
E a b c d

⇥
J�T ·N j

,⇠

⇤
d
DetJ ↵gp

K i j
a c =

GPEX

gp = 1

⇥
J�T ·N i

,⇠

⇤
b
E a b c d

⇥
J�T ·N j

,⇠

⇤
d
DetJ ↵gp ⇥ 1

2

<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0.75

<latexit sha1_base64="XcZyG3MBKbek0HRdRz9YiCFnnNQ="></latexit>

… using one Gauss point …

<latexit sha1_base64="xZoiS94qeS+rSLtKCQifYyUyzfU="></latexit>

K =

2

6666666666666664

6.429 5.000 �5.000 3.571 �6.429 �5.000 5.000 �3.571

5.000 6.429 �3.571 5.000 �5.000 �6.429 3.571 �5.000

�5.000 �3.571 6.429 �5.000 5.000 3.571 �6.429 5.000

3.571 5.000 �5.000 6.429 �3.571 �5.000 5.000 �6.429

�6.429 �5.000 5.000 �3.571 6.429 5.000 �5.000 3.571

�5.000 �6.429 3.571 �5.000 5.000 6.429 �3.571 5.000

5.000 3.571 �6.429 5.000 �5.000 �3.571 6.429 �5.000

�3.571 �5.000 5.000 �6.429 3.571 5.000 �5.000 6.429

3

7777777777777775



Quadrilateral 
Elements K i j

a c =
GPEX

gp = 1

⇥
J�T ·N i

,⇠

⇤
b
E a b c d

⇥
J�T ·N j

,⇠

⇤
d
DetJ ↵gp

K i j
a c =

GPEX

gp = 1

⇥
J�T ·N i

,⇠

⇤
b
E a b c d

⇥
J�T ·N j

,⇠

⇤
d
DetJ ↵gp ⇥ 1

2

<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0.75

<latexit sha1_base64="XcZyG3MBKbek0HRdRz9YiCFnnNQ="></latexit>

… using four Gauss points …

<latexit sha1_base64="Rk7YKhJRnhewyKVkcef2i747RiM="></latexit>

K =

2

6666666666666664

8.571 5.000 �7.143 3.571 �4.286 �5.000 2.857 �3.571

5.000 8.571 �3.571 2.857 �5.000 �4.286 3.571 �7.143

�7.143 �3.571 8.571 �5.000 2.857 3.571 �4.286 5.000

3.571 2.857 �5.000 8.571 �3.571 �7.143 5.000 �4.286

�4.286 �5.000 2.857 �3.571 8.571 5.000 �7.143 3.571

�5.000 �4.286 3.571 �7.143 5.000 8.571 �3.571 2.857

2.857 3.571 �4.286 5.000 �7.143 �3.571 8.571 �5.000

�3.571 �7.143 5.000 �4.286 3.571 2.857 �5.000 8.571

3

7777777777777775



Quadrilateral 
Elements K i j

a c =
GPEX

gp = 1

⇥
J�T ·N i

,⇠

⇤
b
E a b c d

⇥
J�T ·N j

,⇠

⇤
d
DetJ ↵gp

K i j
a c =

GPEX

gp = 1

⇥
J�T ·N i

,⇠

⇤
b
E a b c d

⇥
J�T ·N j

,⇠

⇤
d
DetJ ↵gp ⇥ 1

2

<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0.75

<latexit sha1_base64="XcZyG3MBKbek0HRdRz9YiCFnnNQ="></latexit>

… using nine Gauss points …

<latexit sha1_base64="Rk7YKhJRnhewyKVkcef2i747RiM="></latexit>

K =

2

6666666666666664

8.571 5.000 �7.143 3.571 �4.286 �5.000 2.857 �3.571

5.000 8.571 �3.571 2.857 �5.000 �4.286 3.571 �7.143

�7.143 �3.571 8.571 �5.000 2.857 3.571 �4.286 5.000

3.571 2.857 �5.000 8.571 �3.571 �7.143 5.000 �4.286

�4.286 �5.000 2.857 �3.571 8.571 5.000 �7.143 3.571

�5.000 �4.286 3.571 �7.143 5.000 8.571 �3.571 2.857

2.857 3.571 �4.286 5.000 �7.143 �3.571 8.571 �5.000

�3.571 �7.143 5.000 �4.286 3.571 2.857 �5.000 8.571

3

7777777777777775


