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two-dimensional finite elements library

• two-dimensional 4-noded quadrilateral element (D2QU4N)

a.k.a. bilinear quadrilateral element

• two-dimensional 9-noded quadrilateral element (D2QU9N)

a.k.a. Lagrange biquadratic quadrilateral element

• two-dimensional 8-noded quadrilateral element (D2QU8N)

a.k.a. serendipity biquadratic quadrilateral element

• two-dimensional 3-noded triangular element (D2TR3N)

a.k.a. constant strain triangle

• two-dimensional 6-noded triangular element (D2TR6N)

a.k.a. quadratic triangle

• two-dimensional quadrature rule
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D2QU4N bilinear quadrilateral element

Nodes

1 2

4 3

Edges

1

24
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D2QU9N Lagrange biquadratic quadrilateral element

Nodes

1 2

4 3

Edges

1
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D2QU8N serendipity biquadratic quadrilateral element

Nodes

1 2

4 3

Edges

1
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3
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2D Finite Element Library
D2TR3N constant strain triangle (CST)

3 1

2

Nodes

3

12

Edges Node Number
Coordinates
⇠ ⌘

1 1 0
2 0 1
3 0 0
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D2TR6N quadratic triangle

3 1
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Nodes
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⇠ ⌘
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2D Finite Element Library
two-dimensional quadrature rule i

Triangular Elements Gauss Point Rule

Z 1

0

Z 1�⌘

0
{•} d⇠ d⌘ ⇡

1

2

NGauss PointsX

i=1

↵i {•}|Gauss Pointi

Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵

1 1/3 1/3 1

Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵

1 1/6 1/6 1/3
2 4/6 1/6 1/3
3 1/6 4/6 1/3
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two-dimensional quadrature rule iii

Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵
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7 0
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3/5 0 5/9⇥ 8/9

9 0 0 8/9⇥ 8/9
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2D Finite Element Library
two-dimensional quadrature rule ii

Quadrilateral Elements Gauss Point Rule

Z 1

�1

Z 1

�1
{•} d⇠ d⌘ ⇡
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i=1

↵i {•}|Gauss Pointi
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2 +1/
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3 +1/
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3 1⇥ 1
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two-dimensional quadrature rule iii

Gauss Point Number
Coordinates Weight Factor
⇠ ⌘ ↵
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two-dimensional quadrature rule iii

Gauss Point Number
Coordinates Weight Factor
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two-dimensional quadrature rule iii

Gauss Point Number
Coordinates Weight Factor
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Quadrilateral Elements

Triangular Elements
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the scalar Jacobian is a linear 
mapping between the area 
elements from the natural 

space to the physical space
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y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

K =

2

666664

K11 K12 K13 K14

K21 K22 K23 K24

K31 K32 K33 K34

K41 K42 K43 K44

3

777775
=

2

66666666666666664

K11
11 K11

12 K12
11 K12

12 K13
11 K13

12 K14
11 K14

12

K11
21 K11

22 K12
21 K12

22 K13
21 K13

22 K14
21 K14

22

K21
11 K21

12 K22
11 K22

12 K23
11 K23

12 K24
11 K24

12

K21
21 K21

22 K22
21 K22

22 K23
21 K23

22 K24
21 K24

22

K31
11 K31

12 K32
11 K32

12 K33
11 K33

12 K34
11 K34

12

K31
21 K31

22 K32
21 K32

22 K33
21 K33

22 K34
21 K34

22

K41
11 K41

12 K42
11 K42

12 K43
11 K43

12 K44
11 K44

12

K41
21 K41

22 K42
21 K42

22 K43
21 K43

22 K44
21 K44

22

3

77777777777777775

<latexit sha1_base64="bJn9vKszoLFce0m+jQKMbznQG5E="></latexit>

! ATTENTION ! 

element stiffness matrix is 
symmetric and 

its determinant is zero



Quadrilateral 
Elements K i j
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="xT0ywSJObGlmTf0rDXoi5TqZSaA="></latexit>

… using one Gauss point …

<latexit sha1_base64="8MJZPhN1E2zfL+xOEs6L29X2fSk="></latexit>

K =

2

6666666666666666666666666666666666666666666664

E [⌫ � 3]

8
⇥
⌫2 � 1

⇤ �
E

8 [⌫ � 1]

E

8 [⌫ � 1]

E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤ �
E [⌫ � 3]

8
⇥
⌫2 � 1

⇤
E

8 [⌫ � 1]
�

E

8 [⌫ � 1]
�

E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤

�
E

8 [⌫ � 1]

E [⌫ � 3]

8
⇥
⌫2 � 1

⇤ �
E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤ �
E

8 [⌫ � 1]

E

8 [⌫ � 1]
�

E [⌫ � 3]

8
⇥
⌫2 � 1

⇤
E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤
E

8 [⌫ � 1]

E

8 [⌫ � 1]
�

E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤
E [⌫ � 3]

8
⇥
⌫2 � 1

⇤
E

8 [⌫ � 1]
�

E

8 [⌫ � 1]

E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤ �
E [⌫ � 3]

8
⇥
⌫2 � 1

⇤ �
E

8 [⌫ � 1]

E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤ �
E

8 [⌫ � 1]

E

8 [⌫ � 1]

E [⌫ � 3]

8
⇥
⌫2 � 1

⇤ �
E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤
E

8 [⌫ � 1]
�

E

8 [⌫ � 1]
�

E [⌫ � 3]

8
⇥
⌫2 � 1

⇤

�
E [⌫ � 3]

8
⇥
⌫2 � 1

⇤
E

8 [⌫ � 1]
�

E

8 [⌫ � 1]
�

E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤
E [⌫ � 3]

8
⇥
⌫2 � 1

⇤ �
E

8 [⌫ � 1]

E

8 [⌫ � 1]

E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤

E

8 [⌫ � 1]
�

E [⌫ � 3]

8
⇥
⌫2 � 1

⇤
E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤
E

8 [⌫ � 1]
�

E

8 [⌫ � 1]

E [⌫ � 3]

8
⇥
⌫2 � 1

⇤ �
E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤ �
E

8 [⌫ � 1]

�
E

8 [⌫ � 1]

E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤ �
E [⌫ � 3]

8
⇥
⌫2 � 1

⇤ �
E

8 [⌫ � 1]

E

8 [⌫ � 1]
�

E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤
E [⌫ � 3]

8
⇥
⌫2 � 1

⇤
E

8 [⌫ � 1]

�
E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤
E

8 [⌫ � 1]
�

E

8 [⌫ � 1]
�

E [⌫ � 3]

8
⇥
⌫2 � 1

⇤
E [1 � 3⌫]

8
⇥
⌫2 � 1

⇤ �
E

8 [⌫ � 1]

E

8 [⌫ � 1]

E [⌫ � 3]

8
⇥
⌫2 � 1

⇤

3

7777777777777777777777777777777777777777777775



Quadrilateral 
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘
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NNPE
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⌘

3
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<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0

<latexit sha1_base64="ODPxMb2vlzke6hvyWyzVhgAPm/0="></latexit>

… using one Gauss point …

<latexit sha1_base64="lu+RhhQuuNQgl2dWRM4GIOQsW2o="></latexit>

K =

2

6666666666666664

3.750 1.250 �1.250 �1.250 �3.750 �1.250 1.250 1.250

1.250 3.750 1.250 1.250 �1.250 �3.750 �1.250 �1.250

�1.250 1.250 3.750 �1.250 1.250 �1.250 �3.750 1.250

�1.250 1.250 �1.250 3.750 1.250 �1.250 1.250 �3.750

�3.750 �1.250 1.250 1.250 3.750 1.250 �1.250 �1.250

�1.250 �3.750 �1.250 �1.250 1.250 3.750 1.250 1.250

1.250 �1.250 �3.750 1.250 �1.250 1.250 3.750 �1.250

1.250 �1.250 1.250 �3.750 �1.250 1.250 �1.250 3.750

3
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
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⌘

...
...
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⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0

<latexit sha1_base64="ODPxMb2vlzke6hvyWyzVhgAPm/0="></latexit>

… using four Gauss points …

<latexit sha1_base64="z60Nkml23K8SKb/8shXSqwPPpgI="></latexit>

K =

2

6666666666666664

5.000 1.250 �2.500 �1.250 �2.500 �1.250 0.000 1.250

1.250 5.000 1.250 �0.000 �1.250 �2.500 �1.250 �2.500

�2.500 1.250 5.000 �1.250 0.000 �1.250 �2.500 1.250

�1.250 �0.000 �1.250 5.000 1.250 �2.500 1.250 �2.500

�2.500 �1.250 0.000 1.250 5.000 1.250 �2.500 �1.250

�1.250 �2.500 �1.250 �2.500 1.250 5.000 1.250 �0.000

0.000 �1.250 �2.500 1.250 �2.500 1.250 5.000 �1.250

1.250 �2.500 1.250 �2.500 �1.250 �0.000 �1.250 5.000

3

7777777777777775
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a c =
GPEX

gp = 1

⇥
J�T ·N i

,⇠

⇤
b
E a b c d

⇥
J�T ·N j

,⇠

⇤
d
DetJ ↵gp

K i j
a c =

GPEX

gp = 1

⇥
J�T ·N i

,⇠

⇤
b
E a b c d

⇥
J�T ·N j

,⇠

⇤
d
DetJ ↵gp ⇥ 1

2

<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0

<latexit sha1_base64="ODPxMb2vlzke6hvyWyzVhgAPm/0="></latexit>

… using nine Gauss points …

<latexit sha1_base64="jTWr6vHDvk3clPsMM8/7rS/sTDM="></latexit>

K =

2

6666666666666664

5.000 1.250 �2.500 �1.250 �2.500 �1.250 �0.000 1.250

1.250 5.000 1.250 �0.000 �1.250 �2.500 �1.250 �2.500

�2.500 1.250 5.000 �1.250 �0.000 �1.250 �2.500 1.250

�1.250 �0.000 �1.250 5.000 1.250 �2.500 1.250 �2.500

�2.500 �1.250 �0.000 1.250 5.000 1.250 �2.500 �1.250

�1.250 �2.500 �1.250 �2.500 1.250 5.000 1.250 �0.000

�0.000 �1.250 �2.500 1.250 �2.500 1.250 5.000 �1.250

1.250 �2.500 1.250 �2.500 �1.250 �0.000 �1.250 5.000

3

7777777777777775
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Elements K i j
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664

N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...

NNPE
⇠ NNPE

⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0.5

<latexit sha1_base64="xU7REifaA2Kh0ZKC2FT32/sceLQ="></latexit>

… using one Gauss point …

<latexit sha1_base64="f9k+0BfR1Up5khIrs4GRzsOcRq4="></latexit>

K =

2

6666666666666664

4.167 2.500 �2.500 0.833 �4.167 �2.500 2.500 �0.833

2.500 4.167 �0.833 2.500 �2.500 �4.167 0.833 �2.500

�2.500 �0.833 4.167 �2.500 2.500 0.833 �4.167 2.500

0.833 2.500 �2.500 4.167 �0.833 �2.500 2.500 �4.167

�4.167 �2.500 2.500 �0.833 4.167 2.500 �2.500 0.833

�2.500 �4.167 0.833 �2.500 2.500 4.167 �0.833 2.500

2.500 0.833 �4.167 2.500 �2.500 �0.833 4.167 �2.500

�0.833 �2.500 2.500 �4.167 0.833 2.500 �2.500 4.167

3
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2
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N1
⇠ N1

⌘

N2
⇠ N2

⌘

...
...
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⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd

<latexit sha1_base64="4HRh4li0tUImtu57gf9OwCKz2Pc="></latexit>

plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0.5

<latexit sha1_base64="xU7REifaA2Kh0ZKC2FT32/sceLQ="></latexit>

… using four Gauss points …

<latexit sha1_base64="l6HJaVBK/sKlYDIeuwBADafd3qI="></latexit>

K =

2

6666666666666664

5.556 2.500 �3.889 0.833 �2.778 �2.500 1.111 �0.833

2.500 5.556 �0.833 1.111 �2.500 �2.778 0.833 �3.889

�3.889 �0.833 5.556 �2.500 1.111 0.833 �2.778 2.500

0.833 1.111 �2.500 5.556 �0.833 �3.889 2.500 �2.778

�2.778 �2.500 1.111 �0.833 5.556 2.500 �3.889 0.833

�2.500 �2.778 0.833 �3.889 2.500 5.556 �0.833 1.111

1.111 0.833 �2.778 2.500 �3.889 �0.833 5.556 �2.500

�0.833 �3.889 2.500 �2.778 0.833 1.111 �2.500 5.556

3
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Elements K i j
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<latexit sha1_base64="iHrEBLNgY9yIthHxW/TpLdHjfts="></latexit>

Ali Javili Bilkent University

J =

"
x1 x2 . . . xNPE

y1 y2 . . . yNPE

#

2

666664
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⌘
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⌘

3

777775

<latexit sha1_base64="jXclTEtga3iF3uEAwKI+/gg+f1k="></latexit>

E a b c d =
E

2[1 + ⌫]
[�ad �bc + �ac �bd]

+
E ⌫

1� ⌫2
�ab �cd
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plane strain

Example (D2QU4N) … bilinear quadrilateral element

x1 = [�1 , �1 ]

x2 = [ 1 , �1 ]

x3 = [ 1 , 1 ]

x4 = [�1 , 1 ]

<latexit sha1_base64="3M/m0QZshON8oCPj8pBpnJ5keKM="></latexit>

E = 10 , ⌫ = 0.5
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… using nine Gauss points …
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K =

2

6666666666666664

5.556 2.500 �3.889 0.833 �2.778 �2.500 1.111 �0.833

2.500 5.556 �0.833 1.111 �2.500 �2.778 0.833 �3.889

�3.889 �0.833 5.556 �2.500 1.111 0.833 �2.778 2.500

0.833 1.111 �2.500 5.556 �0.833 �3.889 2.500 �2.778

�2.778 �2.500 1.111 �0.833 5.556 2.500 �3.889 0.833

�2.500 �2.778 0.833 �3.889 2.500 5.556 �0.833 1.111

1.111 0.833 �2.778 2.500 �3.889 �0.833 5.556 �2.500

�0.833 �3.889 2.500 �2.778 0.833 1.111 �2.500 5.556
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Example 1 i

Consider the given structure consisting of a square and a triangle element. The element 1 is bilinear

quadrilateral, also referred to as D2QU4N, and element 2 is linear triangular, also referred to as

D2TR3N. The material parameters of each element are shown in the figure. The material properties

for the square element and the triangle element are E1 = 80/3 , ⌫1 = 1/3 and E2 = 160/3 , ⌫2 =

1/3, respectively. The numbering of the nodes, elements and the global degrees are given in the

figure. The nodes are numbered with a circle around them and elements are distinguished by square

around them. You must use exactly the same numbering for the degrees and elements given in

the figure. Homogeneous Dirichlet boundary conditions are prescribed on nodes 1 and 2 in both

directions. Nodes 3 and 4 are fixed only in horizontal direction, but can freely move in vertical

dircetion. The forces fx and fy are applied on node 5 in the horizontal and vertical directions,

respectively.
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Example 1 ii

Compute the 8⇥ 8 sti↵ness of the element 1 using one Gauss Point quadrature rule.

Compute the 6⇥ 6 sti↵ness of the element 2 using one Gauss Point quadrature rule.

Assemble the reduced sti↵ness for the entire system.

Compute the displacement of node 5 in x and y directions for the three cases:

(1) fx = 1 , fy = 0 , (2) fx = 0 , fy = 1 , (3) fx = 1 , fy = 1.
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Example 1 iii

K1 =

2

666666666666666664

10 5 �5 0 �10 �5 5 0

5 10 0 5 �5 �10 0 �5

�5 0 10 �5 5 0 �10 5

0 5 �5 10 0 �5 5 �10

�10 �5 5 0 10 5 �5 0

�5 �10 0 �5 5 10 0 5

5 0 �10 5 �5 0 10 �5

0 �5 5 �10 0 5 �5 10
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Example 1 iv

K2 =

2

666666666666666664

32.05 10 �27.5 0 �5 �10

10 17.5 0 �2.5 �10 �15

�27.5 0 32.5 �10 �5 10

0 �2.5 �10 17.5 10 �15

�5 �10 �5 10 10 0

�10 �15 10 �15 0 30

3

777777777777777775

Ali Javili examples Bilkent University

4x 4y 5x 5y 3x 3y

4x

4y

5x

5y

3x

3y



Example 1 v

Ktot =

2

6666666666666666666666666666666664

10 5 �5 0 �10 �5 5 0 0 0

5 10 0 5 �5 �10 0 �5 0 0

�5 0 10 �5 5 0 �10 5 0 0

0 5 �5 10 0 �5 5 �10 0 0

�10 �5 5 0 42.5 �5 �32.5 0 �5 10

�5 �10 0 �5 �5 27.5 0 2.5 10 �15

5 0 �10 5 �23.5 0 42.5 5 �5 �10

0 �5 5 �10 0 2.5 5 27.5 �10 �15

0 0 0 0 �5 10 �5 �10 10 0

0 0 0 0 10 �15 �10 �15 0 30
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Example 1 vi

Kred =

2

6666666664

27.5 2.5 �10 �15

2.5 27.5 10 �15

�10 10 10 0

�15 �15 0 30
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27.5 2.5 �10 �15

2.5 27.5 10 �15

�10 10 10 0

�15 �15 0 30
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=
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0

0

fx

fy
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Example 1 vii

8
>>>>>>>>><

>>>>>>>>>:

27.5u4
y + 2.5u3

y � 10u5
x � 15u5

y = 0

2.5u4
y + 27.5u3

y + 10u5
x � 15u5

y = 0

�10u4
y + 10u3

y + 10u5
x = fx

�15u4
y � 15u3

y + 30u5
y = fy

fx = 1 , fy = 0 fx = 0 , fy = 1 fx = 1 , fy = 1

u4
y = 0.2 u4

y =
0.1

3
u4
y =

0.7

3

u3
y = �0.2 u3

y =
0.1

3
u3
y = �

0.5

3

u5
x = 0.5 u5

x = 0 u5
x =

1.5

3

u5
y = 0 u5

y =
0.2

3
u5
y =

0.2

3
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