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2D Finite Element Library b, QT

Applications Lab

two-dimensional finite elements library * NAHAL

e two-dimensional 4-noded quadrilateral element (D2QU4N)

a.k.a. bilinear quadrilateral element

e two-dimensional 9-noded quadrilateral element (D2QU9N)

a.k.a. Lagrange biquadratic quadrilateral element

e two-dimensional 8-noded quadrilateral element (D2QUS8N)

a.k.a. serendipity biquadratic quadrilateral element

e two-dimensional 3-noded triangular element (D2TR3N)

a.k.a. constant strain triangle

e two-dimensional 6-noded triangular element (D2TR6N)

a.k.a. quadratic triangle

e two-dimensional quadrature rule
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2D Finite Element Library

D2TRO6N quadratic triangle
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2D Finite Element Library b, Qi

Applications Lab

two-dimensional quadrature rule i * NAHAL
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2D Finite Element Library

two-dimensional quadrature rule ii
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Applications Lab
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2D Finite Element Library

two-dimensional quadrature rule iii
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2D FEM

formulation summary
& understanding via examples
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Numerical Analysis
and High-level
Applications Lab

AHAL

Understanding Jacobian

§ n
2 2
ox 331 332 xNPE N§ Nn

J:%: gl 2 .. oNPE

NPE NPE
e Be

linear mapping

from natural space
often, the (scalar) determinant

to physical space
' of the Jacobian matrix is also
d referred to as Jacobian
d ) J d J i < D t J SR £L the scalar Jacobian is a linear
a:‘ ST, S e Tawr mapping between the area
dA elements from the natural
5 space to the physical space
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Applications Lab

AHAL

Example (D2TR3N) ... constant strain triangle ... stiffness
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Example (D2TR3N) ... constant strain triangle ... stiffness

GPE

Triangular i E : T )
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Example (D2TR3N) ...

Triangular
Elements

Ali Javili

linear triangular element
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Example (D2TR3N) ...

GPE
s SE
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Ali Javili
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Example (D2TR3N) ...

Triangular
Elements

Ali Javili

K =
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linear triangular element
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Example (D2QUA4N) ... bilinear quadrilateral element

GPE
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bed 2[1+1/}[ 1 Ope + Oac Obd]

| DR e
plane strain +ﬁ Oab Ocd

NPE NPE
N, £ N n

! ATTENTION !

element stiffness matrix is
symmetric and
its determinant is zero
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Example (D2QUA4N) ... bilinear quadrilateral element

GPE
Quadrilateral Do P2 E ’ 7 ) an J
Elements Kac S [J N } abcd [J N ]d DetJ gp
gp =1
T E[v — 3] E E E[1 - 3v] E v — 3] E E E[1—3v] -
8[v2 — 1] D) 8w — 1] B2 e R 8[v—1] = S e [ 2|
E Elv — 3] E[1— 3] E E Elv - 3] E1— 3] E
8 =] B2 A B[ e e | 8l —1] SR 8 2] 8y —1]
E JIRHL 2ty E[v — 3] E E E[1— 3v] E[v —3] E
8[v —1] _8[1/271} 8 [v2 L 1] 8[v —1] _8[1/~1] 8 [v2 —1] _8[1/2*1} _8[1/*1]
E[1— 3] E E E[v— 3] E[1— 3] E E E[v — 3]
8[v2 — 1] Tsp—1] 8[v—1] 82 -1  8[2—1] 8[v—1] N B ] R [y 2 )
K Elv—3] E E E[1 - 3] Ev— 3] o E E[1 - 3]
78[1/2—1} 8[v—1] SR =y As[xﬂfl} 8 [v2 —1] AS[ufl] 8 v —1] 8 [v2 —1]
E E v — 3] E[1— 3] E E E[v — 3] E[1— 3] E
8[v—1] sp2—1] 82 —-1] 8[v—1] Ry Sz = a2 T R
E E[1 - 3] By — 3] E E E[1— 3] Elv — 3] E
8y —1] Bi[u2 Bl we R e R Ry a2 R 2] B
E[l= 34 E E Elv— 3] E[l—3v] E E Ep—3]
_8[V2—1} 8[v —1] _S[V—l] _8[1/2—1} 8 [v2 —1] _8[1/—1] 8[v — 1] 8 [v2 —1]
Ali Javili

Eu bed T

2L+

}

plane strain

Numerical Analysis
and High-level
Applications Lab

AHAL

[(5(1(1 61}(1 T (511(: (51)11}

0 Sl
+ﬁ ()(zb O(:d

=

=)

R
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Example (D2QU4N) ...

Quadrilateral

Elements

Ali Javili

GPE
RO

Sl
3.750 1.250 —1.250
12500 " 3 ool
— 5250 L2567 3.6
—1:250 1 1.250: ¢ = 1-254
—3.750 | ~1.250 - 1.250
—1.250 -3.750 —1.250
1.250.. =1.250_ —3.750
1250 -=1958"-1.250

e

=+1:2650
1.250
sZol
3.750
1.250
— 15250
1.250
—3.730

bilinear quadrilateral element

T Nj] DetJ ay,

—3.750
—=1.250
1.250
1.250
3.750
1.250
—1:250
—1:25()

)
—3.730
—1.250
=12290
1.250
3.750
1.250
1.250

1.250
=250
—3.730

1.250
=1:250

1.250

3.750
—1.250

1.25073
—1.250

1.250
—3.750
=1.230

1.250
bt

3.750

Numerical Analysis

and High-level
Applications Lab
E
Eu D AR T . 5(1( 6)(1 ot 511(:(5)1
bed 2{1+I/}[(11 (¢ 11}
| DR e
plane strain S e 81 01
=2
N N
e 2d s NPE N£2 7\73
il gy yNPE:| :
NNPE N’II\IPE
eh=-1,-1]
x?=[1, ~1]
p’ =1 9
T =1 1]
br="10r=1
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Example (D2QU4N) ...

GPE
Il Be -
gp=1
T 5.000 1.250 —2.500
1.250 5.000 1.250
—2.500 ; 1.250  5.000
—1:250 | —0.000 —1.250
K =1 _2500/21.250  0.000
—1.250 =2 5008 =T 250}
0.000 - —1.250  —2.500
1.250 ; —2%00 - 1.250
Ali Javili

e

=150
—0.000
saliZol
2.000
1.250
—2.500
1.250
—2.500

bilinear quadrilateral element

T Nj] DetJ ay,

—2.500
—=1:. 950
0.000
1.250
5.000
1.250
—2.500
—1:25()

e )
—2.500
o0
—2.500
1.250
5.000
1.250
—0.000

0.000
=125
—2.500

1.250
—2.500

1.250

5.000
— 12250

1.25079
—2.500
1.250
—2.500
= 1200
—0.000
ek

5.000

Numerical Analysis

and High-level
Applications Lab
E
Eu D AR T . 5(1( 6)(1 ot 511(:(5)1
bed 2{1+I/}[(11 (¢ 11}
| DR e
plane strain S e 81 01
=2
N N
e 2d s NPE N£2 7\73
il gy yNPE:| :
NNPE N’II\IPE
eh=-1,-1]
x?=[1, ~1]
p’ =1 9
T =1 1]
br="10r=1
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Example (D2QU4N) ...

GPE
Il Be -
gp=1
T 5.000 1.250 —2.500
1.250 5.000 1.250
—2.500 ; 1.250  5.000
—1:250 | —0.000 —1.250
K =1 _2500/21.250 —0.000
—1.250 =2 5008 =T 250}
—0.0000 —1.250. —2.500
1.250 ; —2%00 - 1.250
Ali Javili

e

=150
—0.000
saliZol
2.000
1.250
—2.500
1.250
—2.500

bilinear quadrilateral element

T Nj] DetJ ay,

—2.500
—=1:. 950
—0.000
1.250
5.000
1.250
—2.500
—1:25()

e )
—2.500
o0
—2.500
1.250
5.000
1.250
—0.000

—0.000
=125
—2.500
1.250
—2.500
1.250
5.000
— 12250

1.25079
—2.500
1.250
—2.500
= 1200
—0.000
ek

5.000

Numerical Analysis

and High-level
Applications Lab
E
Eu D AR T . 5(1( 6)(1 ot 511(:(5)1
bed 2{1+I/}[(11 (¢ 11}
| DR e
plane strain S e 81 01
=2
N N
e 2d s NPE N£2 7\73
il gy yNPE:| :
NNPE N’II\IPE
eh=-1,-1]
x?=[1, ~1]
p’ =1 9
T =1 1]
br="10r=1
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Example (D2QUA4N) ... bilinear quadrilateral element

GPE

Quadrilateral TR E ’ i 7 I 9

Elements Ka]c = [J N } abed [J N ] DetJ Oégp
gp=1

[ 4167, 2.500 < =20500:=8-88dww=d 6T —2.500 ;. -2.500 - =0:833"3
2.500 " 4.167 ' —0.833% 23500 . —2.500- —4.167 - 0.833 —2.500
—2:500-=0.833 " 4.16% " 500032 500" 0:850 W= 4l16¢ ewZ ol
0.833 | 2.600 . —=2.500s 4167 —0.833 —2.500 + 2.500 = THHE

s —4.167 —2.500 2500 —0.833 4.167 2500 —2.500 0.833
—2.500 —4.167 0.833 —2.500 2.500 4.167 —0.833 2.500
2.500 0.833  —4.167 2.500 —2.500 —0.833 4.167 —2.500
—0.833 —2.500 2.500 —4.167 0.833 2.500 —2.500 4.167
Ali Javili

Numerical Analysis
and High-level
Applications Lab

AHAL

Eu bed [(5(1(1 61}(1 G (5(1(: (51)11}

1)
211 +v]

plane strain +ﬁ Oab Ocd

Ev

Ne N
Rl s NDE N52 7\73
il vy yNPE:| 5
NNPE N]I]\IPE
w:[la 1]
il [17 ]
p =[] "™
T =1 1]

i R
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Example (D2QUA4N) ... bilinear quadrilateral element

GPE

Quadrilateral TR E ’ i 7 I 9

Elements Ka]c = [J N } abed [J N ] DetJ Oégp
gp=1

[ 53.586:. £.500 "=3i880 - Sudewad g ias — 2600 ;. -1.1T1 ~=0:833"%
2.000=-"" 5 a5 =g et il ] - R BT =2 TS 0. 859503 R
—3:889+=0.833 - 5.506 5" S0t AL T 01850 %201 & e sali)
0.833 | 1.111 . =2.50Uss6686"  —0BIF =3.880 + 2,500 7 2rmes

s —2.778 —2500 1.111 —0.833 5.556 2500 —3.889 0.833
—2.500 —2.778 0.833 —3.889 2.500 5.556 —0.833 1.111
15101 0.833  —2.778 2500 —3.889 —0.833 5.556 —2.500
—0.833 —3.889 2500 —2.778 0.833 1.111 —2.500 5.556
Ali Javili

Numerical Analysis

and High-level
Applications Lab
E
Eu D AR T . 5(1( 6)(1 511(:(5)1
bed 2{1+1/}[(11+( bd)
Ev

plane strain +ﬁ Oab Ocd

Ne N
Rl s NDE N52 7\73
il vy yNPE:| 5
NNPE N]I]\IPE
w:[la 1]
il [17 ]
p =[] "™
T =1 1]

i R
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Example (D2QUA4N) ... bilinear quadrilateral element

GPE

Quadrilateral TR E ’ i 7 I 9

Elements Ka]c = [J N } abed [J N ] DetJ Oégp
gp=1

[ 53.586:. £.500 "=3i880 - Sudewad g ias — 2600 ;. -1.1T1 ~=0:833"%
2.000=-"" 5 a5 =g et il ] - R BT =2 TS 0. 859503 R
—3:889+=0.833 - 5.506 5" S0t AL T 01850 %201 & e sali)
0.833 | 1.111 . =2.50Uss6686"  —0BIF =3.880 + 2,500 7 2rmes

s —2.778 —2500 1.111 —0.833 5.556 2500 —3.889 0.833
—2.500 —2.778 0.833 —3.889 2.500 5.556 —0.833 1.111
15101 0.833  —2.778 2500 —3.889 —0.833 5.556 —2.500
—0.833 —3.889 2500 —2.778 0.833 1.111 —2.500 5.556
Ali Javili
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and High-level
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E
Eu D AR T . 5(1( 6)(1 511(:(5)1
bed 2{1+1/}[(11+( bd)
Ev

plane strain +ﬁ Oab Ocd

Ne N
Rl s NDE N52 7\73
il vy yNPE:| 5
NNPE N]I]\IPE
w:[la 1]
il [17 ]
p =[] "™
T =1 1]

i R
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Example 1

Consider the given structure consisting of a square and a triangle element. The element 1 is bilinear
quadrilateral, also referred to as D2QUA4N, and element 2 is linear triangular, also referred to as
D2TR3N. The material parameters of each element are shown in the figure. The material properties
for the square element and the triangle element are £1 = 80/3, v1 = 1/3 and E2 = 160/3, vo =
1/3, respectively. The numbering of the nodes, elements and the global degrees are given in the
figure. The nodes are numbered with a circle around them and elements are distinguished by square
around them. You must use exactly the same numbering for the degrees and elements given in
the figure. Homogeneous Dirichlet boundary conditions are prescribed on nodes 1 and 2 in both
directions. Nodes 3 and 4 are fixed only in horizontal direction, but can freely move in vertical
dircetion. The forces f, and f, are applied on node 5 in the horizontal and vertical directions,

respectively.
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Example 1

Y

v»—l
VOD

Al e UE S T S

o Compute the 8 x 8 stiffness of the element 1 using one Gauss Point quadrature rule.
o Compute the 6 x 6 stiffness of the element 2 using one Gauss Point quadrature rule.
o Assemble the reduced stiffness for the entire system.

o Compute the displacement of node 5 in x and y directions for the three cases:
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Example 1

4x

—10
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Example 1

Ko

4x

32.05

10

—27.5

10

17.5

0

—2.5

—10

—15

—27.5

32.5

—10

-5

10

0

—10

17.5

10

—15

—10

—15

10

—15

30

Ali Javili

examples

Bilkent University



Example 1 Y

_ 10 5} —5 0 —10 ) 5) 0 0 0 -
5} 10 0 5) ) —10 0 —d 0 0
-5 0 10 ) 5) 0 —10 5} 0 0
0 5) -5 10 0 ) 5) —10 0 0
—-10 -5 5) 0 42.5 -5 =325 0 ) 10

Kiot =
-5 —10 0 —d ) 27.5 0 2.5 10 —15
) 0 —10 5) —23.5 0 42.5 5] -5 —10
0 -5 5) —10 0 2.5 5) 275 =10 —15
0 0 0 0 -5 10 ) —-10 10 0
| 0 0 0 0 10 -15 =10 -—15 0 30 |
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Example 1

| 275 25 —10 —15 _ 4y
25 275 10 —15 | 3y
Kred =
—-10 10 10 0 5
| -15 —15 0 30 | oY
_ 275 25 —10 —15 1 Uy, _ | 0 ]
25 275 10 —15 uy 0
—-10 10 10 0 ud B fz
| —-15 —15 0 30__ug_ | fy ]
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Example 1

4 3 5 5 _
27.5uy + 2.5uy — 10uy — 15uy, =0

4 3 5 5 __
2.5uy, + 27.5uy + 10uy — 15uy; =0

—10u,§ + 10u§ + 10u“;’; = fr

—15uy, — 15us + 30ud = fy

fe=1, f; =0 fo=0, fy=1 fo=1, fy=1
0.1 0.7
4 4 _ 4 _
0.1 0.5
3 __ 3 __ 3 _
1.5
0.2 0.2
5 __ 5 5 __
Uy =0 ATy Yy T g
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