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two-dimensional finite elements library

• two-dimensional 4-noded quadrilateral element (D2QU4N)

a.k.a. bilinear quadrilateral element

• two-dimensional 9-noded quadrilateral element (D2QU9N)

a.k.a. Lagrange biquadratic quadrilateral element

• two-dimensional 8-noded quadrilateral element (D2QU8N)

a.k.a. serendipity biquadratic quadrilateral element

• two-dimensional 3-noded triangular element (D2TR3N)

a.k.a. constant strain triangle

• two-dimensional 6-noded triangular element (D2TR6N)

a.k.a. quadratic triangle

• two-dimensional quadrature rule

Ali Javili two-dimensional finite elements library Bilkent University
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D2QU4N bilinear quadrilateral element

Nodes

1 2

4 3

Edges

1

24

3 Node Number
Coordinates
⇠ ⌘

1 -1 -1
2 1 -1
3 1 1
4 -1 1

N1 =
1

4
(1� ⇠) (1� ⌘)

N2 =
1

4
(1 + ⇠) (1� ⌘)

N3 =
1

4
(1 + ⇠) (1 + ⌘)

N4 =
1

4
(1� ⇠) (1 + ⌘)

N1
,⇠ = �

1

4
(1� ⌘) N1

,⌘ = �
1

4
(1� ⇠)

N2
,⇠ = +

1

4
(1� ⌘) N2

,⌘ = �
1

4
(1 + ⇠)

N3
,⇠ = +

1

4
(1 + ⌘) N3

,⌘ = +
1

4
(1 + ⇠)

N4
,⇠ = �

1

4
(1 + ⌘) N4

,⌘ = +
1

4
(1� ⇠)
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D2QU9N Lagrange biquadratic quadrilateral element

Nodes

1 2

4 3

Edges

1

24

3

5

6

7

8
9

Node Number
Coordinates
⇠ ⌘

1 -1 -1
2 1 -1
3 1 1
4 -1 1
5 0 -1
6 1 0
7 0 1
8 -1 0
9 0 0

N1 = +
1

4
(1 � ⇠) ⇠ (1 � ⌘) ⌘

N2 = �
1

4
(1 + ⇠) ⇠ (1 � ⌘) ⌘

N3 = +
1

4
(1 + ⇠) ⇠ (1 + ⌘) ⌘

N4 = �
1

4
(1 � ⇠) ⇠ (1 + ⌘) ⌘

N5 = �
1

2
(1 � ⇠) (1 + ⇠) (1 � ⌘) ⌘

N6 = +
1

2
(1 + ⇠) ⇠ (1 � ⌘) (1 + ⌘)

N7 = +
1

2
(1 � ⇠) (1 + ⇠) (1 + ⌘) ⌘

N8 = �
1

2
(1 � ⇠) ⇠ (1 � ⌘) (1 + ⌘)

N9 = (1 � ⇠) (1 + ⇠) (1 � ⌘) (1 + ⌘)

N1
,⇠ = +

1

4
(1 � 2⇠) (1 � ⌘) ⌘ N1

,⌘ = +
1

4
(1 � ⇠) ⇠ (1 � 2⌘)

N2
,⇠ = �

1

4
(1 + 2⇠) (1 � ⌘) ⌘ N2

,⌘ = �
1

4
(1 + ⇠) ⇠ (1 � 2⌘)

N3
,⇠ = +

1

4
(1 + 2⇠) (1 + ⌘) ⌘ N3

,⌘ = +
1

4
(1 + ⇠) ⇠ (1 + 2⌘)

N4
,⇠ = �

1

4
(1 � 2⇠) (1 + ⌘) ⌘ N4

,⌘ = �
1

4
(1 � ⇠) ⇠ (1 + 2⌘)

N5
,⇠ = ⇠⌘ (1 � ⌘) N5

,⌘ =
1

2
(1 � ⇠) (1 + ⇠) (2⌘ � 1)

N6
,⇠ =

1

2
(1 + 2⇠) (1 � ⌘) (1 + ⌘) N6

,⌘ = � (1 + ⇠) ⇠⌘

N7
,⇠ = �⇠⌘ (1 + ⌘) N7

,⌘ =
1

2
(1 � ⇠) (1 + ⇠) (1 + 2⌘)

N8
,⇠ = �

1

2
(1 � 2⇠) (1 � ⌘) (1 + ⌘) N8

,⌘ = (1 � ⇠) ⇠⌘

N9
,⇠ = �2⇠ (1 � ⌘) (1 + ⌘) N9

,⌘ = �2 (1 � ⇠) (1 + ⇠) ⌘
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D2QU8N serendipity biquadratic quadrilateral element

Nodes

1 2

4 3

Edges

1

24

3

5

6

7

8

Node Number
Coordinates
⇠ ⌘

1 -1 -1
2 1 -1
3 1 1
4 -1 1
5 0 -1
6 1 0
7 0 1
8 -1 0

N1 = �
1

4
(1 � ⇠) (1 � ⌘) (1 + ⇠ + ⌘)

N2 = �
1

4
(1 + ⇠) (1 � ⌘) (1 � ⇠ + ⌘)

N3 = �
1

4
(1 + ⇠) (1 + ⌘) (1 � ⇠ � ⌘)

N4 = �
1

4
(1 � ⇠) (1 + ⌘) (1 + ⇠ � ⌘)

N5 =
1

2
(1 � ⇠) (1 + ⇠) (1 � ⌘)

N6 =
1

2
(1 + ⇠) (1 + ⌘) (1 � ⌘)

N7 =
1

2
(1 � ⇠) (1 + ⇠) (1 + ⌘)

N8 =
1

2
(1 � ⇠) (1 + ⌘) (1 � ⌘)

N1
,⇠ = +

1

4
(1 � ⌘) (2⇠ + ⌘) N1

,⌘ = +
1

4
(1 � ⇠) (⇠ + 2⌘)

N2
,⇠ = +

1

4
(1 � ⌘) (2⇠ � ⌘) N2

,⌘ = +
1

4
(1 + ⇠) (�⇠ + 2⌘)

N3
,⇠ = +

1

4
(1 + ⌘) (2⇠ + ⌘) N3

,⌘ = +
1

4
(1 + ⇠) (⇠ + 2⌘)

N4
,⇠ = +

1

4
(1 + ⌘) (2⇠ � ⌘) N4

,⌘ = +
1

4
(1 � ⇠) (�⇠ + 2⌘)

N5
,⇠ = �⇠ (1 � ⌘) N5

,⌘ = �
1

2
(1 � ⇠) (1 + ⇠)

N6
,⇠ = +

1

2
(1 � ⌘) (1 + ⌘) N6

,⌘ = � (1 + ⇠) ⌘

N7
,⇠ = �⇠ (1 + ⌘) N7

,⌘ = +
1

2
(1 � ⇠) (1 + ⇠)

N8
,⇠ = �

1

2
(1 � ⌘) (1 + ⌘) N8

,⌘ = � (1 � ⇠) ⌘
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2D Finite Element Library
D2TR3N constant strain triangle (CST)

3 1

2

Nodes

3

12

Edges Node Number
Coordinates
⇠ ⌘

1 1 0
2 0 1
3 0 0

N1 = ⇠

N2 = ⌘

N3 = (1� ⇠ � ⌘)

N1
,⇠ = 1 N1

,⌘ = 0

N2
,⇠ = 0 N2

,⌘ = 1

N3
,⇠ = �1 N3

,⌘(⇠, ⌘) = �1
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2D Finite Element Library
D2TR6N quadratic triangle

3 1

2

Nodes

3

12

Edges

6

5
4

Node Number
Coordinates
⇠ ⌘

1 1 0
2 0 1
3 0 0
4 1/2 1/2
5 0 1/2
6 1/2 0

N1 = ⇠(2⇠ � 1)

N2 = ⌘(2⌘ � 1)

N3 = (1� ⇠ � ⌘)(1� 2⇠ � 2⌘)

N4 = 4⇠⌘

N5 = 4⌘(1� ⇠ � ⌘)

N6 = 4⇠(1� ⇠ � ⌘)

N1
,⇠ = �1 + 4⇠ N1

,⌘ = 0

N2
,⇠ = 0 N2

,⌘ = �1 + 4⌘

N3
,⇠ = �3 + 4⇠ + 4⌘ N3

,⌘ = �3 + 4⇠ + 4⌘

N4
,⇠ = 4⌘ N4

,⌘ = 4⇠

N5
,⇠ = �4⌘ N5

,⌘ = �4(�1 + 2⌘ + ⇠)

N6
,⇠ = �4(�1 + ⌘ + 2⇠) N6

,⌘ = �4⇠
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