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2D Finite Element Library b, QT

Applications Lab

two-dimensional finite elements library * NAHAL

e two-dimensional 4-noded quadrilateral element (D2QU4N)

a.k.a. bilinear quadrilateral element

e two-dimensional 9-noded quadrilateral element (D2QU9N)

a.k.a. Lagrange biquadratic quadrilateral element

e two-dimensional 8-noded quadrilateral element (D2QUS8N)

a.k.a. serendipity biquadratic quadrilateral element

e two-dimensional 3-noded triangular element (D2TR3N)

a.k.a. constant strain triangle

e two-dimensional 6-noded triangular element (D2TR6N)

a.k.a. quadratic triangle

e two-dimensional quadrature rule
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bilinear quadrilateral element
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D2TR3N
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2D Finite Element Library

D2TRO6N quadratic triangle
2, Node Number Coordinates
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2D Finite Element Library b, Qi

Applications Lab

two-dimensional quadrature rule i * NAHAL

Triangular Elements Gauss Point Rule
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2D Finite Element Library

two-dimensional quadrature rule ii

Quadrilateral Elements Gauss Point Rule
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Numerical Analysis
and High-level
Applications Lab

AHAL



2D Finite Element Library

two-dimensional quadrature rule iii

Gauss Point Number

Coordinates

Weight Factor

§ | n o
1 —/3/5 | —/3/5 5/9x5/9
2 ++/3/5 | —+/3/5 5/9 x 5/9
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D FINITE ELEMENT METHOD

/ﬁmw B RE AaB = pempmpmpaAp=g A B "

v X
2D
Steond gm;; WERNK | poeak | APRHIE

M Ll TR e ah

Form

eADMA? \ Digeaeroey| -
ﬂ f@‘ﬁ_m <o L %ﬂ'\4 A‘PP&K’MH’T’M s
patalh | TELANIRHES C i
FeEM <ap o SHAPE FunilTion g

Ali Javili Bilkent University



Feom Sponly, Saem @ AP Foeu

Ali Javili

%
il
-

4

.Y
D('D

A —o oy
%, S i
_/.4/ 3- —O D ;
Z ° R
2{>€) 4;/‘ o RS
o SZ_@t -t
;J>; S [
oM

\
AN\

Finite Element Method

P
>
Z,
38,
e,
e M.~ 5
o on 4
Dl'&ﬂlﬁw Pﬁ&ﬂ‘:b@ﬁ)
I Iractzon
/\l/mz

Bilkent University



Feom Sponly, Saem @ AP Foeu /;0
Dwido=¢ .l Subgect to K /Z
2 swm@ BeM m we ( 6
ssenis & iy foaes 0 UMo VG A,
}folv’r bLon=t aran) e S 5@D \((
i Mo DIV 6/: () A;)gcedm_ U = MG ,é/ »f/
?@Sf' Fenlzion 9 B.n-=%
ZD Vel Diptessi Fresorilyeo)
m I raction

/M /&gp = Q g ",/ma

Ali Javili Finite Element Method Bilkent University



oot Sl Saem B A Bed M =%

L=t af&%) . 60
Ow b-¢ B §ulaa'€6rto g(s)ﬂ /Z
/. Dn’ G- o) k@
WO 6-Owd.6) - Jéwda]: 5 7T égD A

jB[GMD/MJ:(E AV - J D 16) 9 En-t

2 Yaceriveol 0

/ (7024
Dicplntenei on)
£dn e ;Zre}’ic;m

e )

Ali Javili Finite Element Method Bilkent Universi



FooMt Sreoily foou T AEBC Ren ' fg@ & 2
OwE-¢ wB Subgett to Kl o /Z
t). D 6-0 \2

J Fmon]: 6 o - ) Dwingydh T SRy
Dmamaa%mm J D 58 dA -Ji ofe mclL ? Bn=%

g }) /
V’L‘ ag D::plhw Pﬂ&@(‘t b@,a)
m Iraction

J m Waéa W’H/

Ali Javili Finite Element Method Bilkent University



Feo Steonsy fom @ oepK foen 1 :z%) ‘ £
DwB-=¢ B Subgett to g(s)ﬂ /Z
. Dw6-0o &

]B[émom]:b’ dﬁ:J@Dw(z«.E)AH L ST N

| il 4

n==4

J@[émo@jezﬁ’dﬁ :4@@.(5./;1 dL ?sz 15"1/)
Dfrplﬁw ’}%zschb@,a)

A&Dn a%;; Z I b@DU 65%,\) % Trnctton

/\l/ma

Ali Javili Finite Element Method Bilkent University



u=,
Faoit Sonl, Buom @ K LM 5»«1 e /2%
L B-¢ mw B Subgett to g(s)ﬂ +

v.Dwb-00 </ Vo, ”o/ailyd)

]B[émom]:(b’ dﬁ:J@Dw(uﬁ)dﬁ L ST N

| il 4

n==4

_J@[QMDQ]HEJ@/H :4@@.15.//1 dL ?sz 15"1/)
fD:‘spZAW ’}%zschb@n,

o
47 @%zgmamja ML me .

o /\l/ma

Ali Javili Finite Element Method Bilkent University



u=,
Faort Sonl Faem B AP F3eM 5»«1 Slwa /2%
Lw E=¢ w B Subgett to g(s)ﬂ 2

. Dvb-0 ' Yo, Aly -o

]B[émom]:(b’ dﬁ:J@Dw(uﬁ)dﬁ L ST N

wtwo‘/ A/

,, e Leo
Jg L6} 6 "fa@”i’; o %‘ﬁw Bm;b{:,
D m %A,c/ﬂjm

Ali Javili Finite Element Method Bilkent University



Foort wepK. GBiom o PP SBeM

Zo
_ P
J@[émo@ﬂeﬁi\o/ﬁ ;‘&4@.2; AL 2
) WEE

J A d v il dire SN k@’\\"

\w@@mm b-E:& -ndu ;N'@Z %, o
MWM } ‘ \ f.,.. U = U, A
> Sywezy- . v 9 Bn-ik
s _Gubw e 6 =0 @’6”0'\? Wectybeol 7
® Dicplnoesned Pﬂsmb@ﬁ,
é [E: & . [%0 _”LJ g S

/\l/mz

Ali Javili Finite Element Method Bilkent University



Faom wepr. Taem T HIIE foeu Po
| P
Jg e @)\dﬁ : Jé R Z
’ 1 d
e ; v J ; L
J 1 ik i
2 | \ W= U,
e 2 74 ? [5:"1 .‘:t
bie e \\ Geod> 0 IM@éﬁw\? Wreecobeol /)
Y, ; = No w" Dicplnoesned Pﬁsm beal
lo L 2&: m /mm
Guap = W ® Gewp' T e N2

Ali Javili Finite Element Method Bilkent University



Foort wepK. GBiom o PP SBeM

o

' v g

N@Aﬁ/og’ v r 345 e g,gk"'“
BEGiaas '~ -~ T A0 & e D o
“ | 7 - ﬂo Bn=t

- € 2 [Guou] Cosp O = w&éﬁmy\??m 7
Y - ¥ Drsplncesnd B&smbaa’

5: 6: [Z&L@CMD/\,’J w /m,\,c/:;%

Ali Javili Finite Element Method Bilkent University



Faort weak. Faem B MAiie foeu
J@[éfﬂoq]eﬁ’o/ﬁ ;ja@jo\.\z; S

®,

AL \;} ] ;@D ¥

V@ Gunor’ 4 v -

: &ch’& W:Na@\’ Bon =1,
KL | )

: : P 4
G- E:[aobun] Geop O % GanoN G Jo3 = §°F;:z¢

| 1eeni,1: £ Dionulah . | aleddl
2 | o2

Ali Javili Finite Element Method Bilkent University



oot wep. GBiem o PP SBeM
J@[GMO@ﬂeBdﬁ ;Ja@jo.z; dl

Clal HO®HPEBH
\ J [mj@/\)jm 1 ;QE:: [MI‘@’O?M]&A 4
i J

//4 s E S ,B <) A
25’%}) fln‘?o). 82"”-0- 2 o

Ali Javili Finite Element Method Bilkent University



oot wep. GBiem o PP SBeM
Lt 5 Af - =i
Jp L6uwe] ‘&éjo & s

% %@ﬁo@%@@

k Lessni 158 Diory 1A | i AL
5 0R



/@

Foom e, Soom B AEMIGTE FopM %
J@[émo@gez/s’om ;ja@jo.z; s g@,«
D
= e oE
7 A ' D] A = | W1IE) dL
.J@[wi[/\l,m]bgb&l [w] L "ll A ()% b

. . . B : : j,
[v] Jg Iy ], €y Lo o [] - [ Ja’%m o

Finite Element Method



/@

Foom wepr. Foem @ HIPONUGTE ForM =
| 2
Gy 6 Afl = =i :
JgLouwel Ja@f“ . dL @N
i : Y
8o ‘ ? T T——
oy | | Dl By Ll ) 6] -8 ] Ay
B el o N
5 oy ummy 3




/@

Faom wepK. oM T AT LM %
QIBJO/H =) M.t c/ .
emienfons] (I

D

P = ; T : 4 j
IZ2k Ja )JB [Aﬁmlb @ 5 J: N,%L JA | [ i 3 [mdlq Ja%m [ﬁ%ou

4

T "Z Z ? . :
; u 7 f ’ L
'], I DD ety [ At




Faort weak. Faem B AAE foeu

J@[Mﬁbﬂegdﬁ ;‘&m.z; AL [y ] J[/ﬁj > [N);(Lom

[0"1] [/KJ 1 I”‘l [@ojjqj /\la [ﬁojq = e
‘ l«/{]é’ )7‘4;0 ,MPE?
[fozf Mo B THE (EST ple 200

5o e 1
&;jmwma g e ] OIe]

Ali Javili Finite Element Method Bilkent University



oot wep. GBiem o PP SBeM

J@[émo@ﬂe@’o/ﬁ ;‘&jo.z; s

2l KL T e,

oL : :
IK a]c L j/g I] By L]

M. Lo dL
jbg/\, [J‘I

o]
% Fg( /L,JZ: [aoJ



oot wep. GBiem o PP SBeM

J@[émo@ﬂe@’o/ﬁ ;‘&jo.z; s

oL : :
IK a]c L j/g I] By L]

o], K LIM Ju], [, fa B,/“d. [2.], ol

(-]

[/K“] [u'], =[F7J1 + %L ' [2]

1c

w-[2]

[/4”]11 [%1\]1 " [I»<MJ1Z[»1’12_+ [Kﬁi[ﬂqﬂ" u‘?:[oo]

Finite Element Method



oot wep. GBiem o PP SBeM

J@[émo@g]eﬁ’o/ﬁ ;(é@jo.zi; =/

oL : :
IK a]c L j/g I] By L]

o], K LIM Ju], [, fa B,/“d. [2.], ol

[/K“a] [u'], =[F7J1 - am ' [2]
1€ X O

L AeA 8 a 8N 5 = [‘ J
‘ 1
Ali Javili Finite Element Method

w-[2]

8
- Oo LIRS
Bilkent University |



Finite Element Method

Bilkent University



Ali Javili Finite Element Method Bilkent University



oot wep. GBiem o PP SBeM

J@[émo@g]eﬁ’o/ﬁ ;(é@jo.zi; =/

oL : :
IK a]c L j/g I] By L]

o], K LIM Ju], [, fa B,/“d. [2.], ol

(-]

IRV el e sy T el

&

L AeA 8 a 8N 5 = [‘ J
| 2
Ali Javili Finite Element Method

w-[2]

8
- Oo LIRS
Bilkent University |



_u: - |
g ] L iz

<. 2

MZ

ﬁx (INCAL 2

ﬂ/ TOMGE U,

Y “

2 NDES i

Finite Element Method Bilkent University



- >
L/‘Z Kb Kol Kl ™ i
' 1 =
e L
= = M:’
y %
3
& [ K] = #
6X6 5 ‘"l(
\[ 11 Mo T
K ) L
2x2 s Cyx €y

Ali Javili Finite Element Method



oot wep. GBiem o PP SBeM

Lo 5 df - s °
J@[ o 6 df '«é@jo’z; Al [Ka]c:jgzﬂleb% [l o

; L . : ;
Lo, JK ol [ jagﬁm [, oL

h . d
BEaae .. o STAmES
o c A //,(d’/ﬁj @ag

x| icc/&f
matn



Faort HEdK. T30M T AIOMYTE Foru

J@[MD@ﬂeEdﬁ ;(é@m.z; A | K ]J[ﬂm L
)

E/ STFFAESS
K~ e

IRE e
ac

Ali Javili Finite Element Method Bilkent University



oot wep. GBiem o PP SBeM

: ij ; q
Jg lotoe): 6 A - ‘g @jo.z?i; AL [y<a]c: jg D], By L]
‘ ‘ Kiv e
lJ J 1 HEEN
11K ] [, :[F; lo 2l if?
ﬂ?a/ff’lﬁl‘
il
)7L J,?é 712 . ,NPG‘? [//{ ] [}J Lia.j

Ali Javili Finite Element Method Bilkent University






i ; (7' 2(7 V_/’SWPCM/PEMNUQES
DRG] I =" K
LIDERSTHND N G [ )} .L > AC " SukSCLIPTS V1 et

[ s Jac [)Kta] :J ], Bt T g‘ll -
ZO At T - ;

| CimmeR Kerntsy K &
: NIOES 14 | @ o—NNN—8

D Pl jdi e s Lo
;1% ; i
Ly Zcz ic J . [-K K J

Ali Javili Finite Element Method Bilkent University



Ali Javili

LNDERSTHADIN G [ IK M] o/ R b A SRS

i AC 5 Sulsre DTS ¥ aeionls
G K en
@ o NNN—0 K" no STrRES Kequesy mae 161

K" i K ik )
A1 CLZ ” = : 21 22 2 = EZ
) ) K K Il )
/( 11: ? )< 12: ?

Z_Qr;?[_?nléss L€ mpES (L1

Finite Element Method Bilkent University



1aDeRSBADNG | IK ‘7] e

- AC " SulSCLIPTS <10 B aeionl’
@ K &
@ o—NWI—€ K" no StEmess desy e 1¢1

(Zﬁ»ga 0# ﬁm&@/\”ﬁé 2 ’(1,, /(l& - ".u,' -—ﬁ1
CAM(?e o a-&P,@AMEd l /621 }sz, L‘Z =

v (gﬁL )(12:

gud anﬁﬁﬂess LEzies mpES (L2

K

Ali Javili Finite Element Method Bilkent University



i J / zj V_/’SWP@MH)EMNUQ@
LRDERLTHNDINGA [///C J ’</ / AC ~—"SulSCLIPTS <7 2 aetionl’

[ s MJM [)Kia] :J [")/z;zlb Gl L g‘ll -
LY o . ”
| Z@ CTFRES KEER

mo Pl DhﬁéCIwD s o nopei
DECTONS adC £

(eSPECTIVELY DECTiod ¢ of NDE F

Ali Javili Finite Element Method Bilkent University



i J 2‘7' MSM/PGMIPEMNRD@
LADERSTHNDIN G [,//{ J - K AC " SlSCLIPTS 4 jerrins

o (4}
o

03 ;3 - y
[ s Jac |IK ]-J ], Gt LVl
{ At T - ;
Ny i @ OTIFAESS  KENERY
2
| KACJE gé Dh@éCIDfDﬂ»OP/MD@L
O
&Ld | DIECTIod ¢ of NDE j

Ali Javili Finite Element Method Bilkent University



Ali Javili Finite Element Method Bilkent University



I

>

Finite Element Method

1 wor\')ooe“’x
2 o ANE'Y

3 o '\]’Dé)(
2
Y ro NEE Y

5 n——e NWDGEY

Bilkent University



)<‘M /<41

11
11

21

I

24 5
KH /<4;

21

/g’l

3;
K, K
S

Finite Element Method

2 o ANE'Y
3 m-o”’D;é)(
Y ro NEE Y

5 n——e NW@EY

Bilkent University



Ali Javili

I

Ix 1y 2

K24
K
Ky
Ko

K1

K1z
Kz

K22
Ky
Kz
Kez

K
Kz

Kzg
Kz
Kz
Kes

2y
Ity
Kat
sz
Kag
Kt
Ket

Sx 3y _
K Kig ’Ix
Ks Keg 1y
K;/' ﬁ@é’ 2x
Kis Kag 2y
Ke Kz |3
Kés/ /466 S >/

—

Finite Element Method

Bilkent University



Ali Javili

I

K24
K
Ky
Ko

K1

K1z
Kz

K22
Ky
Kz
Kez

K
Kz

Kzg
Kz
Kz
Kes

Kt
Ksa
Ka

Ky
Ko
Kég' Keg 2x
Kis K 2y
Ke Kz |3 B
Kés/ /466 S >/

—

Finite Element Method

$_/-
NS = >

N 2

e

o

—_

pErT

/A

) Bm—o'\]'ﬂé}(

Yoo NEE Y

Bilkent University



———
1

Ali Javili

-

1 12 13

KE i s

24 e

W e

3

KoK K

C e

K Kz Kz Ku

Koy Koz Kog Ke
Ksr Koz Ksz Kag
Ker Koz Kz Kug
Ke Ke Ka K
Keo Ko Koz Ka

_6x6

NoNx D

?3 ?&
S 5v_f‘D€que‘£€s '
K,S/ /<45 // )[ et __//;ﬂ -
Kzs’ Keg 2 v/// & ey
LS S & o V0L
qu/ Kig S S ndulic

LAY A
Koo Ka 4 e e VLA
/ ‘S/ 5 5M Nﬂ)é?
e /

Finite Element Method

Bilkent University



Ali Javili

ASSEHE

.,4%3455-

1

/

L

/ /r/z( Kz
Kg 52| Kag
Ksr Kez Keg
Kyr Kyz Kag
Ke K Ks
Ker Kz Kea

Kig
0o t%
Ks
Kua
A
K

K Kig
Koe Kog
Kes Keg
Kis Kag
K= Keg
Kee Keg

Finite Element Metho




— am

11 12 13 1Y
KE G e K
K- |k e

O K kK KK

f <‘H /73 43 ay
DA -/I K K K :

e il 4
« KA e

21

"J' t]
iz

Ali Javili Finite Element Method

—

1,4 wmméﬂf\/
| —0’0095251,\\/
S, 6 sNpE 2, y
%X”’No@é‘a{}/

Bilkent University



e [Kles — Powene w pootess

P2IR 3
DeR6d w i,y o mearlle %
DIANGN o,

DU 5N Vw[’KJM ZP Pe) G x L8
DAAUIV [ ”<J/6x/5 Zo & nl i %

Finite Element Method Bilkent University



D2 IR 3N 4/‘ D<J6X6 4965[ 2[{+91 [gdc/ !9C+§cgl;dj

DIR6N V[ o) (o du
12X CMST!WN@ \
DLoA &n </ & <ok v & G (ng
Poangn o IR g e ) S "
| DQ& QI\) e lp;?-o, Moclnlud ﬁ \ hu
u 0
_ [ /KJ 4 A 2xzx2)gm wr'%o % g/éo:ecéegm
J

[ . 15ty )/‘< J Il Gy L] B

Finite Element Method Bilkent University






. LK
D2IR 3N 4/ J5X6 décd ,z[nv] [gac/ betacbd

DIR6A YA K pe v. Vo * ro abed
DIRNEN o e HAE
Torann o TRl Ep = S £
| % oA /)) ] 402
D290 [ /KJ Solent. |- el €
| SE 6xlb - 1-v2 ; 1-v*
)






DKM] JB[ J = [N,%I h

ac
éeéco/ ,zzml [ &+§‘SMJ g‘w e
. e < e, (S
Eni= o M e A S
=170 E 5 = = E. L = =3 & = O
Cran 24+V] S b
= - 6’ ; E' = = 6 = = — =
201 S Y 2N 2 s Cz:
622:! i [1-v%] EZZ"Z g 62221 s Ceeza = [4-V%]

Ali Javili Finite Element Method Bilkent University



Fhom STonty foem To ELEMENT STEAESS = 1 PHYSICAL SPACE nmo

EAU’=0 - Sutgecr To Cs e@ L @2
NNt da j P N? dy (i F'
~ ser el J o LLZ' ﬁa
_.LN P! ol NZ N alx“ o
% i £ -2 MYy
/{H /(‘[2— x£! i Fa, o /’{LJ = EAJ /\[& /\,j é(%
K21 /CL& ZLL F L

Ali Javili Finite Element Method Bilkent University



/< LJ Eﬂj N’ /\)} olDL q/H'IYSW)t )ZSCHLL e

q/’,qﬁrueﬁ[, J 9(?) dl,g Z ﬁzg )N-

-1~ gr dp
4 gﬁj (3’0" 8/\)} 2" Jg e
J 3
et L dop o g
ra [ o 4 =
00' N i
- EA Z o er an G
5% OE
2 <,
QAT You j hesgpe e &
&= 1M HE = MAZAL
oo 7 l Enzl

Ali Javili

Finite Element Method



) !

) J
| KK ]: D], Gy Il h

. A=L(Ey)
: ac “g b
/l)jm // SQ‘L:ﬂ((g)q’/ Y=4(&1)
: 4 N
4F M o e i o v
Xy OX; | OF TOMSGE] (AL € Z(xy)
N |t o gk O aq o Leqly)
| & Py iR A e J

: | =Zm) |



; 7] ! 3
/0& I)/< ] :J [A’/leb @m} [N/atll Om -
o 0

Ali Javili Finite Element Method

D(:Dt(g,vl)
g T SRR - Y(51)
an' XE M || P .
AR R ST e N
5_'0_? SE Nh %%g&f_g% §=Ey)
-_63 : _b& | / _av( | Z=1l%g)

?:%«f)



"

0&

p/<]j

M

X

08

o) §

o'

2

o

-

o

[/U,mJ A [N’”‘I i

=&
. %L:Zlclﬁ)"/ 4=21(81)
o L ]
08 2’2\:& J/\) £.E0y)
i P L)
b amq'ﬂ//“,'g ® )
—/ I
Ny °% gg(s«) vvvvvv .



T
DE M

I

A8 il

! J
tLigras ol =& )

j
[K a]i jg Iz

0

- (8)~" 4-)(¢9)




7] ; 9
[”( ]:J [A’/zz*][a @c’o} [N)%ll iE
Ql ac ~pR

J "Bw]

A=A(Ey)

s, = (E)¥ y-y(gq)



D/éj] J A ZJ = [/\'5] A
“l ac— B 1 I HLCO’ ol D‘,:x(gl"l)

8 - (8)+ g:wi«z)

Y ) T v
sE Ao [ kSJ '$ £-E@y)

J.% ma 3Faay

R P 5
o) 3
| | e gzg (g{) ‘




[%( ]_J I, Gl Lal B
Al T

[)/(laa]; Jg [ 7. A’; Jb Cqpil 7. N,i [, dh

T % xewg) ) =N A

———

¥ Lk
| N (§,
Finite Element Method



Finite Element Method



Finite Element Method Bilkent University



\
Ali Javili Finite Element Method Bilkent University



Ali Javili

"

3Nt
W '

Finite Element Method

Bilkent University



-—

dﬁwﬁm

c

Ali Javili

Aol

0F

,z[aoj [ %l M] g

E\)
Ry Saé ((’CC’

100 N-Pg
Bm V/w': 9(10 ;:pe-]

E
‘g/l/! = 1] E/uz.: o
; E
azn = 0 5!212,:’2[#9:,
- o C
2478 7 1+V]
= =T &
2211 [4-92] EZle‘ o

Finite Element Method

ZF
° (<]
. E IRANGIE
NPE  nPE
o
e e
— E
é/—/27( %0 Erez = [4-v2]
& g 7. E: R &)
22 = S (
6 i = — —
2 2L1+V] e i
Coorx = O Crzas [4-9%]

Bilkent University



dA} = D@- J OlA' xR X
X 2 ind £
é@%S@ d‘@@”%i Ah \me‘\fstl
m PR m: g
///i\\\\ s OME = | My |
— ’ &/
A /M‘: ul

Ali Javili Finite Element Method Bilkent University



Finite Element Method



